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CHAPTER 1
ELEMENTS OF CONTROL PROCESSES

This chapter is introductory in nature, serving to introduce
terminology, notions, and assumptions. It may be skimmed through

by readers intimately familiar with control theory.
1.0 THE PROCESS EQUATIONS

In this thesis we are concerned with control of processes

which are characterized by differential equations of the form

dxi
_dT‘ = fl(t’ Xlaxz: « o . axn: u1:u2: o :ur): (1:1: 2: DR :n)
or, in vector notation,
dx _
e = f(t, x,u) (1.1)

n n n
in which xe TR is an n-vector in Euclidean space IR , and ue TR

is an r-vector which we shall call the control vector, The vector x

is called the state vector. Equation (1.1) is an example of an im-

portant class of processes which are known as state-determined

processes, 1 That is, at any instant of time t, an observed response
n
ye TR of the process to a control history u(r), to <71 =t, may be

expressed as

- o < <
vt = g (1 x(t ), ut_<7=1) (1.2)
where g has the property

g(t; x(to), u(’tO <7 St)) = g(t; x(t), u(t)) (1.3)




Equations (1.2) and (1. 3) indicate that the response depends
on the past, but that this dependence can be projected into a state

quantity x at some time and the control history since that time.

The process equations (1.1) is an important element in the

modern statement of a control problem. There are four further

elements.
1. A permissible set G of phases (t, x) to
which the process is restricted;
2. A target set SCG which must be attained;
3. A class W of admissible control time
functions;
4, A performance functional J which maps a

control function u(*) and its corresponding
state trajectory x(-) into TR.

These are discussed below.
1.1 THE SET OF PERMISSIBLE PHASES, G

For convenience, we shall adopt Kalman's term of phase for

the time-state pair (t, x) [which is actually an (n+1)-tuple].

One can expect that certain restrictions will exist on the
totality of phases which apply to a given physical process. Thus, an
important element of the control problem is a set GC TRx TRn on
which the process equation (1. 1) is defined (for a given u) and to
which the process is restricted. A form of G which is general enough

for most problems is the following:

G ={(t,x) eRx TRn |teT and xth , (1.4)

where T

Gy

an interval (finite or infinite) in TR

n
a connected subset of R.




There are many reasons why G may be a proper subset of
n
phase space TR x TR . In some cases they arise quite naturally from
physical constraints as demonstrated by the following two aerospace

examples.
Example 1

An earth satellite is to be tracked by a ground radar antenna.

The tracking period is limited to an interval T = [tl,t due to

9l
tracking visibility. Owver this period the antenna's tracking axis must
be controlled so as to minimize the antenna pointing error in some
sense, assuming radar track acquisition commences at ‘c1 .
In this example the response vector y may be taken to be the

antenna's elevation and azimuth tracking angles, E and A, The state
vector would consist of these angles and their derivatives up to a
sufficient order to enable the relation of antenna servocontrol torques

(uE, uA) to state vector to have the form of (1.1).

The phase cross-section GtC 'IRn would consist of states
satisfying constraints on E, A, and their time derivatives. The
limitations on the time derivatives may be due, for example, to con-
straints derived from disk and mount structural factors. Normally,

GJC is invariant with time.

Example 2

The trajectory or orbit of a space probe about a planet is to
be controlled over an interval T without incurring impact with the
planet. If we choose x as the 6-vector of the probe's position and

velocity components in some suitable reference frame, then

6
G =(t,x) eJRxIR I t €T and “ xp— X (t)” > a




in which Xp and x o aTe the position vectors of the probe and planet,

and a is the planet's radius.
(End of Example 2)

In addition to restrictions arising directly from problem con-

straints, there are those which can be levied by the control designer,

In general, not all phases are feasible phases. That is, not all
phases may lie on a trajectory which terminates on an assigned tar-
get set S, Therefore admissible solutions to a control process may
exist for only a proper subset of phase space. Naturally, if such a
subset can be determined ahead of time, the control designer will

insist that motion in phase space be restricted to it.
Example 3

Consider the scalar process equation

gﬁ}f=ax+u s a - constant> 0; t= 0O

We wish to select the control for an initial phase (O, xo) which causes
the origin to be reached in minimum time. The control must be

selected from the class

W= juc) e LOO(T)I ha(t) | = 1

Note that the set of states which are reachable from xO under

the class W are those which satisfy the following equation,

t
t -
x(t) = e [x + g e aTu(T)dT] ,t2 0
°© o

Since W represents the unit sphere of the space of bounded, measur-
able functions on T, and hence is convex, the set of responses

commencing with X, is convex. Thus the reachable states at




any time t 2 0 satisfy the inequality

-at -
lx - L-e® )]SX(t) < [x v La-eh
o a o a
This condition indicates that the origin can be reached for some
te[0, ) if and only if Ixol < i .

Thus, the set G of permissible phases for this example is

given by

G = [(t,X)aRXTthe [0, ) and |x|< —{:11_

1,2 THE SET OF TARGET PHASES, S

We may assign a set S of permissible phases (t,x)e G which

constitutes the terminal objectives or ''right-end" boundary con-

ditions of the control process.

It is possible to define S in a manner similar to G, i.e.,

n
S :{(t,x)eTR xR teTl and XestC Gt }
where

T1 = an interval (finite, degenerate, or infinite) C T.

However, the assignment of a target set in concrete problems usually
arises from rather specific statements such as the set of phases

satisfying a system of equalities

F.(t,%) = 0 i=1,...,8 = (n+l)
or possibly a system of inequalities

Fi(t,x)SO i=1,...,8=2(n+1)

We shall consider that S is specified by either of these or by

a possible mixture, and that the functions F . FS are continuously

1,-.




differentiable with respect to (t,x) at least over neighborhoods of

those phases where one or more of the equalities obtain.

The definition of S is thus sharpened as follows:

S =

(t,x)e G |F (6,00, 1=1,...,5 (1.5)
where & indicates the possibility of inequality as well for some or
all values of the index 1i.

Example 4

The time-free, fixed right end target set of Example 3 can

be put into the above form.
Example 5

Fixed time, free right end problems are characterized by

S =|(t,x)eG [t - t, =0

where tl is a constant such that [t,tl] C T.

Example 6

If, in the space probe problem of Example 2, we wish instead

to impact with the planet, then we may set G =T XTRG and specify

0l

I, -5 @1 -2 o0]

A

S =1(t,x)e G

1.3 THE CLASS OF ADMISSIBLE CONTROLS, W

The control designer is usually confronted with control
constraints due to design limitations or conditions corresponding to
physical realizability. Thus, we may expect that the value of the

r
control vector u at any instant will be restricted to a subset U(C TR




in order to reflect these conditions and limitations. We shall assume

that U satisfies the following conditions:

1. U is invariant with respect to the instantaneous
phase (t, x)
r
2. U is a closed, convex set in TR containing an open

r-dimensional sphere,

In addition to restricting the range of the control functions to
the set U, we shall impose the relatively weak requirement that the
control functions be measurable and essentially bounded over finite
time intervals. This requirement is not severe, since in actual
practice we would certainly deal with control functions which are at

least piecewise continuous and finite.

Given an initial phase (to,xo)eG, an admissible control is an

element of the function class u"t defined as follows:
o

(1.6)

ut =lu(")€L°°[to,t1] [to,t ] CT and ueU, Vte[to,tl]

(o]

Finally, the class of all admissible controls is defined as

w-u bl,t

t €T o
0

We shall sometimes write U;t (U] and L [U] in order to indicate a

o
particular set U upon which the admissible controls depend.

Example 7 Unbounded Controls

Tr
With U = TR , we obtain the (maximal) class of controls which

have finite Loo-norrns, and hence finite Ll— norms, over finite
intervals. Since these norms are usually related to energy or total

available resources in concrete problems, the admissible class still



retains physical meaning even though we choose to approximate our

control set U by TR .

Example 8 Bounded Controls

If U is a bounded set, then the admissible controls are

uniformly bounded, measurable functions. In concrete problems the

bounds might correspond to saturation limits on torques and voltages

or to mechanical restraints on actuator deflections.
1.4 THE PERFORMANCE FUNCTIONAL, J

The final element of our optimum control problem is the
criterion by which we measure the relative merit of admissible con-
trol functions. Various measures of performance are possible such
as the time or control effort required to attain the target set, the de-
viation of the state, at an assigned final time, from a desired state,
or the integral square error of the state trajectory wrt a desired
trajectory. These performance measures, as well as others in
common use, can be characterized by functionals which map the

function triple (’ , x(0), u(* )) over [to,t ]C T into the real line.

Strictly speaking, the performance functional is defined only

for function triples which satisfy the following properties:

1. The control function is admissible, i.e., u{-)e U_,t s
o
2. The phase trajectory produced by u(*) remains

within the set G of permissible phases and

reaches the set S of target phases.

We shall use the term feasible to describe admissible controls and

trajectories which cause condition 2 to obtain.

In this thesis we shall consider performance functions of the

following form:




It x ) = 1 (x(t)) +§t1 Lt (t,x(), u,®) at, (1.7)
t
o

where (to, xo) = initial phase in G,

(tl,x(tl)) = terminal phase in S,

u

5 a feasible control function,

and A is twice differentiable in x and L'(t,x,u) is continuously dif-

ferentiable in (t,x,u).

Owing to the differentiability properties of A and L', we may

replace (1.7) by a criterion of the form:

t
o yo U1 (
It ,x_su,) = yt L t,x(t),ué(t)> dt, (1.8)
o
where
oA
L(t: X, 'LI) é "a';(' M f(t: X:u) + L! (ta X, U),
and
oA oA oA oAr
—Al—, —,..., —), a row vector.
oxX = Bxl 8x2 an

This form differs from (1.7) by an additive term A(xo) which does

not enter into relative comparisons of different control functions.

Note that we have indicated that J is dependent on the initial

phase (to,xo) and the feasible control function u_, even though the

6
forms of (1.7) and (1.8) make it clear that J is a functional of the
triple (0 , x(*), ué(- )) . The state-determined property of the

process [Equation (1.3)] allows this identification.

For an initial phase (to, xo), the performance functional in-

duces a linear ordering on the set u,: of feasible control functions.
o




We shall assume that A, L', or L are defined so that a control u, is

considered as good for (to, xo) as a control uB if

)

Jt ,x ju )=Jt ,x ; u
Lo M o MY oo

B

and better for (to, xo) than u, if

B

J(to,xo ;ua) < J(to,xo,'u )

B

If the control problem is formulated correctly and meaning-

fully, then we can expect that

. < - )
(1) uelr(lioJ(to, ° ,u6)> o
) t
o
(2) There will be control u € UJ? such that
o
J(to,xo;u*) = 1IioJ(to’xo;u6)
Ug€ t

A feasible control u, satisfying (2.) is said to be optimal for (to, xo)
(or merely optimal if it is clear that we have a particular initial

phase in mind).

If condition 1 holds without 2 being necessarily true, then a

sequence < u, > of feasible controls will exist such that

lim J(t ,x ;u )= inf J{t ,x ;u.)
o 0 « o o X o MY}
@ - © u.el
6 to

A control u, satisfying

Jit ,x ;u )< inf J{t ,x ;u_) + €
0" 0o o O 0 6
u. el
6 tO

for € > 0 will be called e-optimal for (t,, x,).

10 -



Example 9 Final Value Loss

Given the target S = {(t, x)eG l t~t1= O} corresponding to a
fixed time, free right end problem, we may wish to minimize the
deviation of the terminal state x(tl) from a desired state Xpe Thus

3% su ) = A (xt)) = n® ([ xte)) - %))
0’0’ T« 1 1 f

where h(°) is a differentiable, monotone increasing function of its
argument. In this case, J assumes the role of a final value loss
function. Such a performance measure might be applicable to control
of the final position and velocity of a rocket at an assigned thrust

termination time.

Example 10 Servomechanism Loss

We may wish to control the process so that its state trajectory
over [to,tl] approximates a reference trajectory ¢(t) in some opti-

mum sense. For example,t .
1

1
J(to’xo;ua) = S; L'(t,x(t))dt =S; h(”x(t) - d)(t)”)dt
o o

where h(") has the same properties as in the previous example.

This type of performance measure might be used in the

antenna servo problem of Example 1.

Example 11 Control Cost

The effort expended to reach a target set S is an important

performance measure which is frequently called upon. Thus, if
t

1
It L% su ) = gt C(t,ua(t))dt
O

then we shall call J a control cost functional. For example C(t,u)

11



c12

may represent instantaneous power flow in an electrical network with
u as a control voltage or current; J would then correspond to ex-
pended electrical energy. Or, C(t,u) may be the instantaneous
magnitude of thrust in a throttable rocket engine, and hence J would

correspond to the total impulse requirement,

Example 12 Performance Loss with Cost Constraints

We may wish to combine final value loss A with control cost
to meet the requirements of Example 9 when control effort is limited

to a level which is low enough to be significant. Thus
t

Jp(t » X ;ua) = hz(” x(tl) - xf“) +p S; 1C(t,ua(t)) dt

o’ o
o
would be used, where p is a Lagrange multiplier which is adjusted

to meet the constraint on control cost.

Similarly, the servomechanism loss of Example 10 may be

combined in this way with the control cost.
1.5 FEEDBACK CONTROL LAWS

The control functions mentioned thus far are time functions
over some interval. In many practical problems it would be desir-
able if the control vector u could be generated by some function &
which would map the instantaneous value of a response vector ye 1Rm
into U. Such a function would constitute a feedback control law, or

briefly, control law.

A control law 6 . ye 'IRm - ue TRr will be called admissible
if it generates an admissible control function uéeu for every re-
sponse function y(¢). Similarly, the terms feasible or optimal are
applied to it if it generates feasible or optimal control functions for

every response function.




In dealing with a control law § we shall denote its perfor-
mance measure by J(to, X ué). Sometimes it will be necessary to

abuse the notation by denoting it as J(to, X3 8).

One important example of a control law is one in which the

response y is the instantaneous phase (t, x) itself.

13



CHAPTER 2
OPTIMUM CONTROL THEORY

2.0 STATEMENT OF THE CONTROL PROBLEM

With the assumptions and definitions introduced in Chapter 1,
we may state a restricted version of the modern control problem as

follows:

"A control process is defined by a given quintuple ( P, G, S,L,
J), where P denotes a state-determined process defined by
dx

pralls f(t, x, u) (2.1)

in which (t,x) eGC RxTR™, ueUC IR", and f is a mapping from
G x U into TRn which is continuously differentiable in an open region

of IRx TRn X TRr containing G x U,

We wish to determine controls u(*)e I, which cause the phase

(t,x) to reach S so that J is minimized."

This is essentially the statement given by Pontryagin et al., 2
except that we have required differentiability with respect to (t, x,u)
rather than merely requiring continuity of f with respect to (t, x,u)
and differentiability with respect to (t, x) for each ueU. We shall

summarize Pontryagin's method of solution in Section 2. 2.

If we further specify that the control functions u(*) be
generated by feedback control laws 6u, then under certain conditions
Bellman's method of solution is applicable. This method is sum-

marized in Section 2. 3.
2.1 EXISTENCE OF OPTIMAL CONTROLS

The methods of Bellman and Pontryagin presume existence of

optimum solutions so that the necessary conditions on which the two

14




methods are based become sufficient if it turns out that only one
control can satisfy the respective necessity conditions. The question
of existence of optimal controls was taken up by Fillipov, 3 Markus

and Lee, 4 Roxin, > and others. 6,7,8

Fillipov provided existence
conditions for the time optimal problem even when the control set U
is dependent on (t,x). Markus and Lee gave existence conditions in
processes P in which the control vector u appears linearly in the
state equations (2. 1) and performance functional J. Roxin's con-
ditions are more general than those of Markus and Lee. We shall

state a theorem based on his results.

For this theorem we assume that assumptions given in
Chapter 1 hold (except, of course, the assumption of existence of an

optimum control), and that G= T x 1Rn.
Theorem 1 (Roxin)

Suppose we reexpress the performance functional J given in

Equation (1.7) in the form of (1. 8).

t
J(to,xo;ua) = 5; 1 L(t,x(t), u(t)) dt (2.2)

o
where the state xR is governed by

dx _
a? = f(t, X,u)

.Jr
so that /f\é (¢, L) e TR" l s a mapping from T xTR" x U into 1Rn+1,
where UC TRr is compact. Let there be a feasible solution from
(to,xo) to a closed target set S.

Then an optimal control u_ e U,t [U] exists if f satisfies the

following: °

15



(i) %\ is continuous in (x,u) €']Rnx U for each teT, and

integrable over T for fixed (x,u) eTRnx U.

(ii) For (t,u) e T x U, there is a constant K so that

” /f\(t,xz,u) - %\(t,xl,u) ” = K“ Xy "Xy ” .

(iii) For all ueU (uniformly),

5%, w ] < (] <)

where u (t)eL, over every finite interval, and g

1
is finite for finite arguments but non-integrable over

intervals of the form [c, ], C= 0.

n A
(iv) For each (t,x)e T xR, the range of f(t,x,u) as u

describes the set U is convex.

Proof

Roxin showed that the set R(to,xo)C T XTRnXTR of all reachable
points of the form (t,x(t), J(t)) , t= to’ using the class u’t [U], where
0

U is compact, is closed under conditions (i) through (iv).

Since S is closed, the product set S xIRC T xTR"x Ris
closed. Thus, (S xIR) ﬁR(to,xo) is closed and, further, nonempty
by the assumption of existence of a feasible solution. This set con-
sists of all points (t, x,J) such that (t, x)eS. In other words, the
J-components of this set form the totality of performance values J

for feasible controls. It is closed and nonempty.

We now use the assumption of Chapter 1 that J is bounded

from below by a real number to complete our proof.
(End of Proof)

Conditions (i) through (iii) of the theorem are essentially
Caratheodory's condition for existence, uniqueness, and boundedness

for an absolutely continuous solution Q(t) = (x(t), J(t))which satisfies

16
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Q(to) = (xo, 0) for every u(-)e u,to. If in Section 2.0 we set

G = T xIR® and require boundedness of the partial derivatives of
f(t,x,u) and L(t, x,u) with respect to x, then conditions (i), (ii), (iii)
easily obtain., Condition (iv) and the requirement that U be compact,

however, are still essential [see Neustadt6 on removal of (iv)].

We cannot apply the theorem directly to the process as de-
fined in Section 2.0 if G,, teT, is a proper subset of TR, If we add
the condition that all phase trajectories produced by U,to[U] and
commencing from (to,xo)eG do not leave G, then existence of an

optimum control follows.
2.2 PONTRYAGIN'S METHOD OF SOLUTION

In presenting Pontryagin's method we shall assume that an
optimal control u, exists, and that there is a neighborhood of ad-
missible controls about u, which produce feasible trajectories.

We first state his necessary conditions, then discuss how one might

solve the two-point boundary value problem which arises in general.
Notation

In the following

v

= (P e e Pn), a row-vector

1’

P>

P
A
P (PO,P), an (n+l1) row-vector
In general for an m-tuple a = (al,a

n-tuple b = (bl’b2’ co ,bn)

2,.,.,am) and an

da A

oa,
—— = (mxn) matrix of elements (93) = 1
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2.2.1 Necessary Conditions for Optimality

Theorem 2 (Pontryagin)

A feasible control u(t) and its corresponding trajectory
(t, x(t)) , commencing from (to, xo) and terminating at (tl, xl)e S can-

not be optimal unless the following conditions hold:

(i) (The Minimum Principle)
There exist an absolutely continuous solution to the

co-state system

dP
=2 =P o (exm, u) - 2 (6 xw), u)
S_F - - P %(‘c,x(t), u(t)) - —S—E—(t,x(t), u(t))

~nCA
so that H(t,x,u,P) = L(t,x,u) + Pf(t, x,u) + Po

satisfies

H(t,x(t),u(®), B(t) = inf H{t,x(0), u, B(t)
uelU

A
almost everywhere on [to, t,], and H(tl, x(tl),u(tl), P(tl))=0,

(ii) (Transversality)
At the terminal phase (t,, x,)eS, the vector <Po(t1), P(tl))

is orthogonal to S.
(End of Assertion)
Remarks

If L, f, and the set St of target states do not depend on time,

then Po may be dropped from all considerations.

If a solution can be found so that transversality holds and

H(t,x(t),u(t),lg(t)) = inf H(t,X(t),u,f’(t)> with H=0 at t , then H will
ueU
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automatically be zero a.e, [to,t This is not true in reverse,

1]'
however.
It is easy to show that Pontryagin's principle leads to a two-

point boundary value problem. Let u, = k(t,x, P) be the (hopefully)

2
VAN

unique function which minimizes H(t, x,u, P) = L(t, x,u) + Pf(t, x,u) + Po

over the control set U, Then substituting k(t, x, P) into the state and

co-state equations, we have

g_f. - f(t,x, k(t,x,P))
g{: = -P g—i<t,x, k(t, x, P))‘ g;% <t,x, k(t,x,P))

subject to boundary conditions:
(t.x), (t,x)es, (P_(t), Pt)Ls,
and

H(t,,x

A )
k P o “
1’ 1’ 1’ 1

If a solution to this, generally nonlinear, two-point boundary value

problem is found, then u*(t) = k(t,x(t),P(t)) s [to,tl] .

2.2.2 Sucessive Approximation Techniques

Approximation in Co-state Space

With suitable assurance for uniqueness and existence of a
solution, the equations just presented may be solved by numerical
iteration techniques. The solution (x(' ), P(° )), such that the right-
end boundary conditions are satisfied, depends on finding the correct
value for P(to). This can be approximated by an appropriate iteration
method, The idea here is to intejrate from a set of trial initial
values (xo, I-za)(to)> , So that tabular functions relating the behavior

of the right-end constraint expressions to P(to) can be obtained. A

functional approximation is then made to these tabular functions and

19
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a value for P(to) is solved for which yields the apparent solution for
P(to) on this approximate surface. The entire procedure is then
repeated for a set of perturbations about this apparent solution.
Thus, the method would utilize an iteration procedure such as

Newton's method, Secant-methods, or Muller's method.

The difficulty with this method is that the co-state equations
are generally unstable for the forward-integration steps involved.
Thus, the solution will be very sensitive to small changes in P(to)

and numerical integration errors may hamper convergence.

Approximation in Control Space

This method involves a sequence of trial control functions
<ua(t) > which are successively generated by the following

2

technique,

Given a trial function ua(t), the state equations are integrated
forward from (to,xo) to yield the state-trajectory Xa(t)° Using
(x , u ) the linear co-state equations are integrated backward from
(tl, P(tl)) , so that the co-state trajectory Pa(t) is obtained. Then
using the minimum principle we generate ua+1(t) by

H(t,xa(t), u (1), f’a(t)>= inf H(t,xa(t), u

ua/+1 U

A
a+l a+l’ Pa(t)>
A
The process is repeated until the sequence < H(t,xa(t), ua+1(t), Pa(t)> >
converges to a function which has an acceptably small deviation from
zero over [to,t ]. Why this method works at all and what constitutes

an acceptably small deviation function will be the subject of Chapter

5, Suboptimal Control Sequences.

There is one difficulty associated with the method as outlined.

We have no assurance that the trial control functions lead to the target
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set, nor do we necessarily know the value P(tl) to use in the back-
ward integration of the co-state equations. In the case of a fixed-
time, free right-end problem, however, this difficulty vanishes,

n
since S = {tl} x TR and P(tl) = 0 by transversality.

Since in actual practice we do not expect perfect knowledge of
the initial state nor perfect execution of a desired control function,
the attainment of a precise target set may be relaxed. Thus, an
optimal solution to the free right-end problem wherein the perfor-
mance functional is augmented by a final value loss with respect to a

target set Stl, for fixed final time t_, would normally be close

10
enough for practical purposes. If the target set S is not restricted
to a single final time, then optimal solutions over an appropriate
range of final times must be found so that the optimal final time may

be selected. This is the so-called penalty function method due

originally to Courant11 and applied by Kelly, 12 Ostrovskii, 13 and
Okamura14 to control problems. The latter has provided proofs that
the modified problem converges to the original problem as one

assigns greater weights to the added final value loss.
2.3 BELLMAN'S METHOD OF SOLUTION

Bellman's method, based on his dynamic programming con-

15,16,9

cepts, is aimed at the derivation of optimal control laws which

generate optimum control functions as a function of the instantaneous
phase (t,x). As one might expect of a method which solves an entire
class of problems [i.e., for all permissible initial phases] at once,

certain conditions must hold,

Basic Assumptions

1. Attention is restricted to an open, connected subset

Go (G for which an optimum control law 6, exists.




2. The optimum performance function J(t,x;6,), (t,x)€G_,
has continuous partial derivatives with respect to
time and state components, i.e., J(t,x; 8,) is

everywhere differentiable in Go'

2,3.1 Necessary Conditions for Op’cimali‘cy16

Theorem 3 (Bellman)
In order that a feasible control law 6, defined on Go, be
optimal, its performance function J = J(t,x; 6) must satisfy the

following condition.

inf | L(t, x,u) + oJ f(t,x,u) + aJ =0 for all (t,x)eG
ox ot o
ueU
and
Jt,x;8) =0 for (t, x)eS

(End of Assertion)

Remarks

Kalmanr7 and Bridgelandlg’ 19 have provided theorems
wherein the above conditions also become sufficient if further con-
ditions are hypothesized. However, these amount to existence and
uniqueness arguments for the optimal control law. We shall not

pursue this matter since it would take us far from our objectives.

The conditions of the theorem may be expressed as

g-t'l+ inf %;IE
ueU

f(t,x,u) + L(t,x,u)|=0 (2. 3)

with boundary condition J(t,x;6) = 0 for (t,x)eS. This leads to two

conditions which one must satisfy:




E)J)a<
= k\t,x, —) , where k minimizes

1. 8, e
od
- f(t, x,k) + L(t,x,k) for all (t,x)e G .
ox o

2. The optimal performance function J = J(t,x;6,) must

satisfy the partial differential equation

ad 9J 9J 9J,
W-*__a—)—(—.ft’x’kt’x,—éx— +Lt,X,kt,X,—a;{_

with J, = 0 on S.

1
o

If the (generally nonlinear) partial differential equation can be

solved, then condition 1 defines the optimal control law.

One method of solution would consist of finding Iy in terms of
a polynomial series in (t,x). Alternatively, we may resort to a
purely numerical approach and solve (2. 3) over a numerical grid in
GO using Bellman's flooding procedure. 15 Finally, there is a method

of successive approximations which is described in the next section.

2.3.2 Method of Successive Approximation

In this method we generate a sequence < 601 > of control laws

using the following algorithm.

1. Given a feasible control law 6a we solve the linear
partial differential equation
0J oJ

o [0
-5-{-‘*' '—a—x' f(t,X, 6(2) + L(t,X, 60‘) =0

with Ja =0 on S. JQ will actually be 6a's performance
function. Thus it can also be found by direct calculations

on

t
(1
It x ;6 ) = g Lt x, ) dt,

t
o

23



where dx/dt = f(t, x, 601), and (to, xo) is allowed to

range over Go'

by

2. Having Ja(t,x) we generate 6a+1

6up k(t, x,J_(t, x))

3. We terminate the sequence when

8Ja BJQ
— + inf | ——
ot el ax

f(t, x,u) + L(t, x, u)] s
which is always nonpositive, is sufficiently close to zero

over G .
o
(End of Algorithm)

This method, called approximation in policy space, was first
suggested by Bellman16 who also showed that the sequence < Ja >
was monotone decreasing, and hence convergent for performance
functions J which are bounded from below. Recently, Leake and
Liu10 provided convergence theorems with sufficient mathematical

rigor.

Again the important question is one concerned with termination
of the algorithm. What constitutes a residual function which is
sufficiently close to zero? We shall consider this criterion in

Chapter 5.
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CHAPTER 3
SUBOPTIMAL CONTROL THEORY

3.1 THE REGRET FUNCTION

Given an initial phase 60 = (to,xo) and two feasible control

functions u, and u,, the relative performance loss of u, with re-

is defined as

spect to U,

A .
R(9O ; ul,uz) = J(GO ; ul) - J(Go ; u2) (3.1)

The performance of a feasible control u relative to the optimal con-

trol U, is of interest. For this purpose we define the regret

function for u

A ~ . . .
R(Go,u) = sup R(Oo,u,uz) = J(Go,u) inf J(Go,u2) (3.2)

u2e(,(,t u € (Lt
o )

Assuming the optimal control u, exists, Equation (3. 2) becomes

*
R(6_su) = J(O _su) - J(6 _u,)

Let us now consider the fact that the methods of Pontryagin
and Béllman yield control procedures &6 which are uniformly opti-
mal with respect to initial phases. That is, for every phase 6=(t, x)
in a set Go of feasible phases their procedure yields J*(B) = inf J(6;u).
uell,
t
With respect to these uniformly optimal procedures we say

that a procedure § is e-optimal for 90 € G0 if its control

function u, for the initial phase 90 yields:

Ja . <
R,(6) 2 J(6;u,) - J,(0) <€ (3.3)
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We say that the procedure & is (uniformly) € -optimal if

sup R_(6 ) = sup (J(O sug) - J, (8 )) =€
6eGg ° ° pegy © 8 ©
(0] (o] (o] (o]

Finally, if we have a probability measure u (60) defined on GO, we

say that a procedure 6 is €-Bayes with respect to y if

gG R, (6_)au(0_) = gG 36650 - J*(eo>] du(o ) < €
(0] o

3.2 INTEGRAL REPRESENTATION OF THE REGRET FUNCTION

In order to create a structure which allows us to relate to
the (indirect) variational methods of Pontryagin and Bellman we must
seek an integral representation of the regret function R(S (90) . Thus

Theorem 4 below will be key in all our further developments.
Theorem 4

Let J*(t,x) be continuously differentiable on an open, con-
nected subset GlC G, and let E;lm S be nonempty. Let the procedure
6 have a control u. for 90 =t ,x )eG

6 0 o’ o 1
trajectory (t, x(t)> eGl terminating at (tl’ xl)e S. Then the regret for

which produces the feasible

60 has the form

Y 83,

R, (6,)- St [L(t,x(t),ué(t)) + a—}z—(t,x(t))- f(t,x(t),ué(t))
o) BJ*

4 a——(t,x(t))]dt

Proof

By definition,

Ré(to’xo) = J(to’xo;ué) - J*(to’xo)

t
U L (txo, ug) at - 30, )

t
o
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Since J_(t,x) is continuously differentiable in Gl’ Ja_(t,x(t)) is
absolutely continuous over [to,tl]. Thus, it may be represented as

an indefinite integral i

J*<t, x(t)) = 3t %) +5 :I*(t, x(t)) dt
t
(o]

where J*(t,x(t)) € Ll[to,t] for all te[t , 1]

In fact, we have

9 %
j*<t,x(t)>:__é;*_<t,x(t)) ZJ (1 xtt) 2 dx(t)

Using dx(t)/dt = f(t,x(t), u (t)) a.e. [t_,t ], we obtain

aJ,
It ,x)'J(t,x)+§ tx(t 8x' (t,x(t))

° f(t,x(tl)ué(t)) ] dt

Noting that on the target set all performance measures are equal to
zero, we obtain J*(tl’xl) = 0, and the result of our theorem follows

easily.
Remark

The theorem has been proved only for a subset G1 [of the set
Go of feasible phases] over which J*(G) is continuously differentiable.
If J,(6) is only piecewise continuously differentiable over Go, then
we need further conditions in order for the representation to hold.
However, for problems consistent with Bellman's assumptions, we

have G1= Go, and we may state the following corollary to Theorem 4.



Corollary 1

Let ‘DO be a nonempty class of feasible control laws 6

defined over a set G of feasible phases such that J (6) = inf J(6; &)

660

is continuously differentiable on GO[ an optimal control law 6>,<€ 'Do
need not exist], A feasible control law é¢€ ‘DO is €-optimal for

9 eG if:

g [ £, x(t), u (t)) <t x(t)) ¢ £(t, x(t), u (1) + a;t* (t, x(0)]at = €

for the pair (x(-), ué(' )) which 6 generates commencing with 60. It

is € -optimal if this property holds for all GoeGo.
Remark

We may state another corollary dealing with properties of the
optimum control law itself. This is an alternate form of Bellman's

conditions given in Theorem 3.

Corollary 2 [Alternate form of Bellman's conditions]

In order that a feasible control law 6 be optimal, its
performance function J(t, x), presumably differentiable on (t, x) e GO,

must satisfy

in [L(t,x(t),u) + 2 ()  oft,x0,u) + 22, x(t))]
ue U

almost everywhere [to,t ] for every feasible trajectory (t, x(t))

generated by 6.

Proof

If 6 is optimal, then it is € -optimal for every € > 0. Thus

for any GOEGO

28 -
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t
g l[L(t,x(t),ué(t)> + a;x (£, x(0)) > £t x(t),u, (0) + Z—jf(t,x(t))]dt -0
t

o

No admissible variation of u6 can cause the integral to be less than
zero since the regret function is always non-negative. Thus

oJ oJ

inf [L(t,x(t)u) + 3;:: (t,x(t))- f(t,x(t),u) " —a—tf(t,x(t))] -0
ueU

a.e. [to,tl] for every trajectory (t,x(t)) of 6. Finally, if 6 is opti-
mal, then its performance function J(t,x) must equal J*(t,x) every-
where on Go’ and hence we may substitute J(t,x) for J*(t, x) in our

last equation.
(End of Proof)

Corollary 2 is a‘more precise statement of Bellman's
necessity condition (Theorem 3), and it brings the alternate formu-
lations of Pontryagin and Bellman into a somewhat closer relation.
3.3 INTEGRAL REPRESENTATION OF REGRET FOR A

SPECIFIC CLASS OF CONTROL LAWS

The representation derived in the previous section is
restricted to optimum performance functions J*(t,x) which are con-
tinuously differentiable in a set Gl(C GO) having limit points on S.
Optimum control laws which are continuously differentiable on such a
set will have J's with this property [see Appendix A]. However,
there is a large class of problems in which J*(t, x) is non-
differentiable along a locus of phases through which we may wish to
pass a feasible, suboptimal trajectory. Pontryagin et al., 2 have
given several examples of time-optimal problems where the optimum
control law is discontinuous in Go along certain hypersurfaces or

switching boundaries. In these examples, J (t, x) turned out to be



continuous but non-differentiable on such boundaries. In many cases
these boundaries were shaped in such a manner that a choice of an

appropriate region G, would be severely restricted. Thus, we wish

1
to obtain an integral representation of the regret function for laws
which are not limited to points at which J, is continuously

differentiable,

It will turn out that the integral representation will still hold
under certain conditions, and that, if the trajectory ( , x(- )) moves
along a locus where J, is non-differentiable, the co-state variables
can be used in place of the partials. We shall derive these results

for J,'s which correspond to optimal controls of a certain class.

3.3.1 The Class of Control Laws, P[G]

A control law é is said to be of class P on a domain GO of
feasible phases (or briefly, of class P[GO]), if it has the following

properties:

e It is feasible, i.e., produces feasible trajectories con-

tained in GO and generates admissible control functions.

There exists a finite partition {Gl, G2, ce e GK} of GO

into regions such that

K
(i) GO= kszl Gk R Gkﬁ Gll = ¢ ; Gk: connected set.

(ii) o(t, x) is continuously differentiable on each such
region.

(iii) The boundary between any two regions is of the form
b(t,x) = 0, where b(t,x) is continuously differentiable
at its solution points in GO— S.

(iv) The boundary points in Go~ S will form a collection of

connected sets after what has been said. Each such
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connected set must belong entirely to one region

or another,

Example 13

For the simple time-optimal problem

ax _[o 1] . fo
at |o o 11t

where 2
X = (X1’X2) TR
u = scalar control from U =[-1,1]
S = l(t,x)eTRxTRzlx =(0,0)l

The optimum control law is

1 if (t,x) 6G1

8(t, x) = -1 if (t,x) €G_1
in which
G, = (t,x)!x2+\/2xl S0 for x 2 0, or x,+ V-2x, < 0for x, S0
G_1= (t,x)|x2+ \/2x1 >0 for X =z 0, or x2+ v-2x12 0 for x15 0

This partition satisfies our requirements. The boundary is given
by
b(t,x) = x, +\/2|x1| sgnx, =0

which is continuously differentiable at all solution points except at
the target state (0,0). The two branches of the boundary [one for

Xy > 0 and one for X4 < 0] satisfy condition (iv).

(End of Example)

We now give an assertion which will clarify the basis for a

lemma to follow.
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Assertion 1

For the control problem of Section 2.0, let GO be an open,
connected set of feasible phases and & be a control law of class
P[GO]. Let x(t;to,xo) be a trajectory solution starting from the
initial phase (to, xo) in the interior of one of the regions. Then

x(t;to,xo) is continuously differentiable with respect to (to, xo).

Justification

Even though the governing differential equation

dx

-t 2t x, 80t 0)

may have discontinuous right-hand sides, we nonetheless have a suc-

cession of regions G, , along the given trajectory, within which g(t, x)

is continuously differintiable. Since the boundaries between the
regions have differentiable forms, then the phase (tB’X.B) at which the
trajectory first meets a boundary will be continuously differentiable
with respect to the initial phase (to, xo). But the function g(t, x) will
be continuously differentiable with respect to boundary phases for the
next region, and hence motion within this next region will be differen-
tiable with respect to (to, xo). Thus, by a chain-rule of derivatives
we can infer continuous differentiability throughout the entire motion
in GO— S.

For details of this reasoning, the reader is referred to

problem 6, pp. 39-40, of Coddington and Levinson. 20

(End of Justification)
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Assertion 2

Under the same conditions of Assertion 1, the performance
function J(to, X3 8) is continuously differentiable with respect to

initial phases (to, xo) in the interior of one of the regions.

Justification

The reader is referred to Appendix A for an explicit
demonstration of the conclusion. However, one can readily appreciate
that if the conclusion of Assertion 1 holds, then it should hold for

the system of differential equations with

aJ _ ( )
It L (t, x, 6(t, x)

adjoined to it.
(End of Justification)

We are now in a position to give the following lemma.

Lemma 1

Let 6*(t, x) be an optimum control law belonging to P| GO].
Suppose 6(t, x) is a feasible control law which causes the trajectory
which it produces to move along one of 6,‘*3 switching boundaries only

if it moves optimally. Then the regret function for é has the form

5
R(t.%) = g[L(t,x(t),ua(t)) 4 —é;*l (t,x(t))- f(t,x(t), ué(t)>
[to,tl]-w*
4 a—(,:;(t,x(t))]dt

where

w, = union of time intervals of positive measure during
which x(t) moves along a switching boundary of I
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Proof

The proof of Theorem 4 was based on the fact that J*(t,x)
was continuously differentiable, and hence J, t, x(t) was absolutely
continuous on [to,tl]. The same idea applies here as to its absolute
continuity except for some modifications. We consider two types of
subarcs of x(*), those which lie entirely within the interior of some

region G, of 6, and those which pass along a boundary for a positive

k
interval of time.

Let us consider [to’tll partitioned into consecutive open

intervals {(’Ti,’r. ); i=0,1,2,...,1 } such that x(*) is either entirely

i+1
within some region Gk or passing along a switching boundary of I

Then,
1
J*(tl’ xl) - J*(to’ xo) = igo J* (Ti+1, X(’Ti+1)) - J>§< <’ri, X('Ti))

where

(To’X(To)> £ (t;.x,) and (T1+1’X(TI+1)> £ (), %))

For an interval ('ri, Ti+1) corresponding to passage of x(*)

through a region Gk’ we have as before

v
i+l /o 0
J('r x(r )>-J(7 x(7)>=§11—ﬁf(txu)+—fi dt
*\Ti41° i+1 AN i - ax Y ot )
i

Otherwise, we have

.
i+1
—g L (£, x,(8), u, () dt
i
Ti+1
‘g L(t.X(t). ué(t))dt.
A

i

J*(Tiﬂ, L ERNCES)




since along the boundaries (x(~), ué(- )) must coincide with some

optimal pair (x*(° ), u*(' ))by hypothesis.

Thus,

BJ* BJ'I
J*(tl,xl) = J*(to’xo) +S L(t, x,ué) + —a-x—f(t,x,ué) +_5’E_ dt

[to,tl] TWy,

+ g L{t, x, ué)dt

Wy

where w, is the set defined in the lemma.
Since, J*(tl’xl) = 0 and, by definition,
Ré(to’ Xo) = S\ L(t, x, ué)dt - J*(to’ xo)
[ty t;]
the desired result is readily obtained.
(End of Proof)

This result may be applicd to some of the two-dimensional
2
processes pointed out by Pontryagin et al., in which the boundaries
coincide with optimal trajectories. In order to move along these

boundaries, motion must therefore be optimal.

3.3.2 Integral Representation in Terms of Co-state Variables

Control procedures based on Pontryagin's method are control
laws in the following sense. Suppose the optimum control problem is
solved for all initial phases (to, xo) € GO. Then the initial value of the
co-state vector P(to) is available for each initial phase in Go.
Naturally it will depend on the initial phase, so we shall denote it by
P(to, xo). Thus, the optimum control vector u*(to) at the phase

(t ,x ) would be one which minimizes L(t ,x ,u) + P(t ,x )f(t ,x ,u),
o’ "o o’"o o’0" Vo’ o
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in accordance with the minimum principle. The optimum control law

would then have the form
6,(t,x) = Q (t, x, P(t, X))
for every (t,x)e GO.

We shall now give a lemma, whose proof is given in
Appendix B, and finally a theorem for integral representation in

terms of co-state variables.

Eemma 2

For optimum control laws of class P[Go],
0J,
P(tJ X) = _a? (t: X)

aJ,,
Po(t,x)= FTe (t, x)

wherever J*(t,x) is continuously differentiable, and wherever
BJ*/BX (t,x(t)) and BJ*/Bt (t, x(t)) are absolutely continuous over a

time interval containing t.
(End of Statement)

This result deserves some comment even though it is not
itself an end objective of this work, It has been shown by

»

Pontryagin, 2 Kalman, 17 Rozonoer, 21 and others, 2 that whenever
J*(t,x) is twice differentiable in Go’ the co-state variables may be
everywhere equated to the partials of J,. Lemma 2 goes a little
further. J, need not be twice differentiable throughout Go in order
to equate the two sets of variables at given points in Go“ In other
words only local conditions need be satisfied, and these conditions do

not involve second partials for J . Naturally this holds only for Jis

arising from optimal controls in the class P[Go]. However, this class
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is a rather broad one, encompassing the majority of optimal control

laws which are synthesized in practice.
Theorem 5

Let the optimal control law 6, be of class P[Go] and
(P(t, x), Po(t, x)) be the optimum co-state variables for initial phases
(t,x)e Go' Then a feasible control law &, which permits its trajectory
x(-) to move along one of &}s switching boundaries only if it moves

optimally, has the following regret function:

t

1
R,(t ,x ) =S; [L(t,x(t), ué(t)) +P(t,x(t))f(t, x(t), ué(t)>
© + Po(t, x(t))] dt

Proof

By Lemma 1 and Lemma 2

Ré(to’xo) = g [L(t,x,ué) +P(t, x) f(t,x,ué) +Po(t,x) ]dt
[to,tl] W

For any time interval w, comprising W . motion is optimal by

hypothesis. Over this interval, the integrand becomes

L(t,x*(t), ué(t)> +P(t) f(t,x*(t), u*(t)> +P (1) = 0

almost everywhere on Wy according to Pontryagin's principle. 2
Hence
S‘ [L +Pf +P_]dt = 0.
" o
W

(End of Proof)
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3.4 SUFFICIENT CONDITIONS FOR €-OPTIMALITY

The following theorem summarizes the results. It is felt
that far more general results apply. However, they have proven to

be rather elusive. A summary of conjectures is given in Chapter 6.
Theorem 6

Let J*(t,x) correspond to a procedure 6, which can be
represented as a control law in P[Go]. Let the procedure 6 have a
control function u, for the initial phase (to,xo) € Go which produces
a feasible trajectory ( s x(‘)) such that J},< is a.e. continuously

differentiable along it. Then &6 is €-optimal for (to,xo) if.

t1
g L{t,x,u_) +
é
t
o)

(time arguments omitted for simplicity)

BJ* aJ*
. _ <e€
5% (t,x) f(t,x,ué) + 5 (t,x)|dt

Furthermore, if the partials 8J*/8X (t,x(t)) and 8J*/8t (t,x(t)) are
absolutely continuous on [to, tl], Pontryagin's co-state variables
P(t, x) and Po(t,x) may be used in place of the partials. If the tra-
jectory moves optimally through phases where J* is non-
differentiable, then the above condition still applies in terms of

co-state variables.
(End of Statement)

The next two chapters will deal with the application of these

results to two different types of problems:

o Approximations to known optimal controls.

. Termination conditions for successive approximations
to unknown optimal solutions,



CHAPTER 4
APPROXIMATIONS TO LINEAR OPTIMAL CONTROLS

4.0 UTILIZATION OF THE REGRET CRITERION

The criteria of Corollary 1 and Theorem 6 involve the
optimum performance function J*(t, x), and hence could not be used
directly for design purposes if J, were unavailable. One application
of the criteria, however, would be in rational approximation of
known optimal control laws. It often happens that a known general
solution to an optimal control problem is not mechanized by designers,
because its sophistication may present some problems of implementa-

tion. The criteria provided may be useful in these situations.

Approximations to linear time-varying control laws are

considered in this chapter.
4.1 APPROXIMATION CRITERION FOR A CLASS OF PROBLEMS
Let the process P be given by

9X - g(t,x) + Bt (4.1)
dt
where xeTRn, ueU =TRr, and g: R XTRn* TRn. Let the performance

functional have the form
t

1
J(t ,x ;u) = g [q(t,x) + 4, x)u+ uTN(t)u dt (4.2)
o’"o ¢

o
where q, £, and N are (1x1), (1xr), and (rxr) matrices, respectively.

In the following it is assumed that 6, exists in P[GO] so that
J, has properties which enable the representations of Corollary 1

and Theorem 6.
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Theorem 7 [Fixed Time, Quadratic Control Cost]

Let 6*(t,x) be the optimum control law for the above
problem for fixed time ’c1 and N(t) a positive definite (symmetric)
(rxr) matrix for each t e[to,tl]. Then a feasible control law & and

its trajectory (t,x(t)) are € -optimal for (to,xo) if:
t

1 \
S ” 6(t,x(t)) -6, (t,x(t)) "12\1 dt <€
t

o
A.T

[Note: ” b"f: = b~ Pb, where b,P are (qx1), (gxq) matrices
respectively. ]
Proof

From Theorem 6 we have

gl a7, a7,
— <€
S; Lit,%,8) + 5o * £(t,%,8) + - [at
(o]

By adding and subtracting L(t, x, 6*) and f(t, %, 6*) we can arrange the
following: "

Y 8J, 83,
S. [L(t,x,é*)+ax of(t,x,é*)+-é—t-— dt
t
0
tl BJ*
+S‘ L(t,x,é)-L(t,x,6*)+—a?
to
o |t x, ) - fit,x, 80| fat = €

Since 6, is optimal and of class P[Go], the integrand of the first
integral is zero along (t,x(t)) wherever 8J*/8x and BJ*/at are
defined [see Corollary 2 and the remarks of Appendix B]. Since they

exist a.e. [to,tl] the first integral is zero,

Substituting the definitions of L, and f from Equations (4. 1)

and (4. 2) into the remaining integral we obtain:
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1 aJ
T T *
S; [ﬂ(t,x)(é—é*) +6 Né -6 N6 + e B(é—é*)]dt <€
.
Since 6, is optimal we also have
aJ 0J
0 * * =
E lL(t,x,u) + —-5'}(—- f(t,X, u) +-a-—t—- =0
u=é
*
or T BJ* |
,Z(t,x)+26*N+ —a;B=O
oJ
Substituting e B from this expression, we readily obtain
t1
T T T
S; [6 Né - 6, N6, - 26*N(6—6*)]dt <€,
o

and the result follows easily.
(End of Proof)
Remark

The criterion involves only the trajectory (t, x(t)) produced
by 6. Thus, it involves the control functiori 6(t,x(t)) and the time
function 6*<t,x(t)> . The latter should not be confused with
6*<t, x*(t)) = u*(t) which is the optimum control function from the

initial phase (to, xo)°
4,2 APPLICATION TO LINEAR TIME-VARYING CONTROLS
In the event that the process equations take the form

g%‘ - A(t)x + B(t)u (4. 3)

and the performance functional is of the form
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tl . - .
J(to,xo;u) = S‘ [x Q(t)x + 2x L(t)u + u N(t)u]dt (4. 4)
to
2
it is known that 6* has the form: 9,17, 2
_1 T

in which M(t) satisfies the matrix Riccati differential equation

T
- T
8@ )

1 1 1 T

LTy - ma-BN"1LT) -(a-BNT
+MBN 1B TMT (4.6)
with boundary condition M(tl) = @, Since Q and N may be taken as

symmetric, M may also be regarded as symmetric.

With the control law of (4.5) the optimum performance

function assumes the form

J(t,x) = XTM(t)x (4.7)

Instead of determining M(t) from (4.6) one may regard M(t)

as the transformation matrix between the state and co-state vectors.
T
P (t) = M(t) x(t) (4.8)

This relation may be obtained by a process which involves the
solution of the system of 2n first-order differential equations

A~BN’1LT, _BN'B
dz z (4.9)

dt - T -1_T
-Q+ LN 1LT, -A + LN lB

where z is the combined state — co-state vector



X
z 2 [PT] (4.10)

subject to boundary conditions of Pontryagin's formulation.

In any case, Equation (4.5) shows that, aside from N_l(t)
which is subject to the designer's definition, the feedback gain matrix
may require approximation due to its general dependence on time.

How should this be done without sacrificing proximity to optimality ?

Suboptimum Designs

Suppose we choose to use a suboptimum form
5(t,%) = -N () K(t)x (4.11)

where K(t) is an (rxn) matrix serving to approximate BT(t)M(t) +
LT(t)° Then by Theorem 7

t
1 2
S‘ | Nty [BT(t) M) + LY(t) - K(t)]x(t) IIN dt < e
tO
or 1 T T 2
S I [B (t) M(t) + L™ (t) - K(t)]x(t) I dt Se€ (4.12)
t N
(o}

For specific problems we may wish to proceed in different

ways from this juncture.

Example 14

Suppose that B(t) and L{t) are constant matrices or else
simple enough in form so that in Equations (4.11) and (4.12) we

choose the approximating form

K(t) = B (t) M(t) + LY (t)
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Then for € -optimality we require

t

g (M) - Mt x(t)
t

dt =€

o BN 18T

2
I

If we define the (weighted) norm of any (nxm) matrix A with respect

to the (nxn) weight matrix W by
2
” A ” 4 trace [ATWA]
W

then we obtain the inequality

~ 2 - 2 2
| vce) -mic) (e | < [ Mty -mo) | o x|l
BN BT BN BT

Thus a sufficient condition for €-optimality is
t

WECE T :
M(t) -M(t) dt =
¢ BN~ BT sup | xt) || °

o
t =t=t
0

1

This criterion may be used to approximate M(t) if it is
known. Alternatively, if M(t) were to be mechanized but must be
found by numerical integration of (4.6), then this criterion could be

used to determine the tolerable error in the numerical procedure.

It should be pointed out that in many cases we have that
2 2
sup ” x(t)” = ” X ” and that € is frequently acceptable as some
t

small proportion of J*(to’xo)' That is, from (4.7)
xTM(t )X €
o oo p

where ep is a small (0 < ep << 1) proportionality constant. Then

we would have
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! ~ 9 xTM(tO)XO
S Im@ -mw)|” _, pdt=se |\ 2"
t BN "B P\ x'x

o 0O O

as the corresponding criterion.

Example 15 (Merriam, ? pp. 97-99)

This example is chosen to illustrate some of the ideas above.
The optimum control law turns out to be simple enough since the
problem is rather simple. However, it would be instructive to see
how one would approximate it., Consider the scalar process

92: < <<
gt u(t) 0st=sT

where it is desired that y(t) be regulated wrt a reference value Y

so that the following is minimized

* 2 1 2
3o, ; u) =§ [(y(t) )+ —u (t)] at

o W

In this last equation Y and w are constants set forth by the designer.
By defining x(t) A y(t) -Y, we seethat Q =1, N = 1/w2, B-=1,

A =0, and LL = 0 in Equations (4. 3) and (4. 4) with to= 0 and t,=T,.

1
Thus, Equations (4.5) and (4. 6) yield

6, = —wz m(t)x, where

dm 2

—— = -14y mz(t); m(T) = 0

The differential equation is readily integrated23 to yield

m(t) = i— tanh w(T-t)

Thus,
6*(t,x) = -xw tanh w(T-t)
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and from (4.7)
2

X
J{t,x) = — tanh w(T-t)

We note that the feedback gain is time-varying even though the process
and performance functionals were time-invariant. This is due to the

finite control interval.
Let us now consider an €-optimal law
&(t, x) = ~xw g(t)

where we specify € as 9
X

€=€ J(o,x)=¢€ 2 tanhwT
P * o P w

From Theorem 7 or Equation (4.12)

S

o

T x2 tanhwT

2 9
(g(t) ~tanh w(T-1) x“(t)dt < 6 .

With the control law &(t,x) it is easily verified that
. . t
—f g(thwdt

x(t)=eo X
o

Thus, for e-optimality we must have

t
T —ij(; g(t)dt

(e

(o)

2

* (g(t) - tanh W(T-1)) dt < e tanhwT

p W
This is assured for g(t) =2 0 if

gT

(o]

tanhw™T

2
(g(t) -tanh w(T—t)) dt < >

With a change of variables this becomes




wT )
g (h(x) - tanh x) dx = ep tanh wt
o)

where h(w(T—t)) = g(t).

We may use orthogonal polynomials to carry out our approxi-
mation from this point on. However, if we have either of the

asymptotic cases

(1) wT >> 1, or
(ii) wT << 1,

then it is easy to see that the following simple gains are possible

1 wT
(i) g(t) = constant = o7 g tanh x dx, if
wT ° 2
€ 2= S‘ tanh x dx - (wT)g
P ()
or, (wT)G
" 1 i} . . >
(ii) g(t) = linear = w(T-t), if ep T

Thus, over long control periods a simple constant can be
used as a feedback gain. For relatively short control periods, a
linear time-varying gain would suffice. For moderate control
intervals a composite of the two would be appropriate. These
approximations are of course, the type of approximations which a
designer would have intuitively employed. The approximation

criterion, however, provides the rational basis for such ideas.
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CHAPTER 5
SUBOPTIMAL CONTROL SEQUENCES

5.0 SUCCESSIVE APPROXIMATIONS

In this chapter we shall consider suboptimal control
sequences generated by successive approximations. Monotone
approximation techniques are given for both the Bellman and
Pontryagin conditions. Finally, we shall consider termination
criteria for these methods. The following assumptions are made:

Al, Fixed final time, free right-end problems.

(Terminal constraints approximated by final
value loss considerations.)

A2, Existence of optimal solutions.
A3. Unique solutions to the necessary conditions of
Bellman and Pontryagin.
These considerations have already been discussed in Chapter 2.

5.1 CONTROL LAW SEQUENCES

The following technique is an extension of the work of Leake
and Liu10 who carried through Bellman's idea of approximation in
policy space. The extension consists of allowing the successive con-
trol laws to be of class P[GO] rather than requiring them to be con-

tinuously differentiable throughout Go.

Construction of the Sequence

Let & (t,x) be of class P[G ] and J (t,x) A J(t,x; 6 ) be
a o a o
its corresponding performance function obtained whether by direct

calculation or by solution of the linear partial differential equation
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8Ja aJa , )
- o =0 5.1
ot + 5 f(t, x, 6a) + L(t, x, 6a)

n
with boundary condition Ja(tl,x) =0 (all xelR ).

Having found Ja(t,x), another control law 6a+1(t’ x) is

generated by 57
= _a
éa+1(t, x) = k <t, X, = (t, x)> (5.2)
where
9J 9J
Lit,x,k) + —= o f(t,x,k) = inf |L(t,x,u) + —= ef(t,x,u) (5. 3)
ox UeU ox

Since 6 € P[G 1, BJa/ax may not be defined at points (t, x)

along a boundary of a region G, for 601 . Thus 6 in (5. 2) may

not be defined everywhere in G:. We may extend itsatilgmain of
definition as follows. We consider the statement of (5.1) as an
identity defined everywhere in G . Hence aJa/Bt and 8Ja/8x may
be regarded as limits as (t,x) approach the partition boundary

G NG, from either G, or G, . We shall assume that finite
limits exist everywhere along the boundary using interior points of
either Gk or GE' Thus BJa/Bt and BJa/BX are assumed to be
regularized so that they are well defined mappings on Go' With this

extension, 6a+1 is likewise defined everywhere in Go'

Lemma 3

The control law 6a+1

if 6 1is not optimal, then 6
o a

is uniformly as good as 60. Further

is better than 6 for some (t ,x )

+1 o o’ o
€ G .
o

Proof

Consider 6 's regret relative to 6
a+l o




t

1 BJa 3Ja
R(to' Xo’ 6a+1 ) = S,; Lit, Xa+1’ 6a+1) + 9% * f(t, on-‘rl’ 6a+1) * ot dt
o
Y 87 37
<< e
—S,; [L(t X ,6 } + ——— of(t, x +1,6a)+ prs dt,

where the inequality arises from (5. 2) and (5. 3). However, the

integrand in this last integral is zero by virtue of (5.1). Thus, 6a+1

is uniformly as good as 601 since its relative regret is nonpositive

forall (t ,x )e G .
o’ o o

We prove the second half of the lemma by a contrapositive
argument, Suppose there were no phase (to,xo)eGo for which strict
inequality holds above. Then R(t ,x ; 6 6)=0 forall (t ,x)

o’ "o o o’ "o

€ GO. This implies Ja+1

a+l’
= Ja’ which in turn implies

[Xa+1(t), 4 (t)] [x (t), t X (t))] a.e. [t ,t]

Thus, we have

E)J oJ
inf L(tx u)+——— f(tx,u)+ a =L(t,x ,6 )
Ix ot a a
ueU
8J BJQ
+ aX L4 f(t X ,6 )+ —5‘1:——

almost everywhere along every trajectory (t, xa(t)) produced by 60.
Since the right side of this equation is zero by virtue of (5.1), then
Ja satisfies the necessary condition for optimality given in Corollary
2, Chapter 3 (see the remark following the proof of Theorem A in
Appendix B as to why Corollary 2 holds also for optimum control

laws of class P[G_]). Because of assumptions (A.2) and (A.3) of
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Section 5.0, Ja and 60: must correspond to the optimal solution

J " and 6*.
(End of Proof)
Definition

A control law § is said to be better than a control law &' if

its regret function R6(0) satisfies
<<
R6(9) = R6|(9) for all fe G0

and there is one 6 eGO for which strict inequality holds.

Theorem 8

Suppose each successive control law 6a+ 1 is of class
P[Go]. Then the sequence < 6& > either converges to the optimum

law in a finite number of steps or is monotonically better.

Proof

From lemma 3

R(6; 6 6 ) =0 forall 6eG
o o o

+1’

and if éa # 6, then strict inequality holds for some ©6e¢ Go"

R(S (6) = J(6; 6a+1) - J*(O) = J(6; 6a+l) - J(6; 601)
a+l
(6)

+ J(6: 60) - J*(e) = R(0;6a+1’66) + R‘5

o
Thus

<
R-é (6) = Ré (6) for all GeGO
a+l o

and strict inequality holds for some GEGO if 6a # 6,.. Therefore, if

there is no finite o for which 6a =6, , then < Ga > 1is a sequence

*J
of monotonically better control laws,
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Remarks

The important fact about the sequence is that it is mono-

tonically better whether it converges or not.

We have not given conditions which would guarantee that
each successive law is of class P[Go]. In many practical problems
this will turn out to be the case a posteriori. Sufficient conditions

which come immediately to mind, however, are

1. Use of control laws which are piecewise
analytic and having partition boundaries

defined by analytic functions, and

2, The bounded control set is defined by an

analytic function on TR'.

These conditions are perhaps much too strong for many problems of

interest, however.
5.2 CONTROL FUNCTION SEQUENCES

In many instances in practice, an optimal solution for a
specific initial phase (to,xo) is desired rather than for an entire set
of initial phases. In other words an optimal or near-optimal control
function u(*) is sought over an interval [to,tll for a specific initial
state X, Whether or not the designer implements this solution as
an open-loop time function u(-) or a control law 6u which generates

u(°) depends on the problem's external considerations.

A method is given below which yields a sequence of
monotonically better control solutions for a given initial phase (to, xo).
The problem of synthesis of the feedback control laws corresponding
to these control functions is solved simultaneously, since control

laws are inherent in the method.



Construction of the Sequence

Let ua(t) be any admissible control function for the initial
phase (to,xo). From this we can obtain some control law 6a+1 as
follows:

Consider the artifice of regarding ua(t) as a control law:

A
6a(t,x) = uw ), teft ,t ] (5. 4)

The performance function Ja for this control law is

t
1
3 (6% 2 3t x5u) =§ L(7,x (1), u (7)) dr (5.5)
a o % a a

where ('r, x('r)) is the trajectory produced by ua starting from the
initial phase (t, x) [Note: (t,x) need not be the initial phase (to,xo)

of the problem].

As in Section 5.1 6a+1 is chosen so that

( aJa>
6a+1 (t,X) =k t, X, —a;

8J 8J
L{t,x,k) + —= o £(t,x,k) = inf [L(t,x,u) +—= "+ f(t, x, u)
ox wel ox

where

Finally ua+1(t) is generated by integrating the process

equations from (to, xo), using the control law 6a+ , and setting

1

A
ua+1(t) = 6a+1(t,xa+1(t)) (5.6)

Remark

Since only. 8Ja/8x is involved in the choice of 6a+1 , it is

possible to obtain 6 without first solving for Ja either directly

atl
from (5.5) or as a solution to the partial differential equation (5.1).
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From (5.5) we have

t
oJ 1 9x (T)
o oL o
L (t,x)=§t = frx (0,u () s —— dr (5.7)

X

where Bxa(T) /9% 1is the fundamental matrix for the process

d};(:) = f(fr.x(T), ua('r)) a.e. [t,tl]

with initial condition x(t) = x.

Relation (5.7) would be particularly useful if the process
equations were linear, since the fundamental matrix would be in-

dependent of x and u, and aJa/ax would depend on x only through
oL /9x.

Theorem 9

Let uo(") be an admissible control function for (to,xo) and
let each successive control function obtained by continuing the above
process be admissible., Then the sequence of control functions
< u, > generated by < 601 > either converges a.e. [to,tl] to the
optimal control u, for (to,xo) in a finite number of steps or is mono-

tonically better for (to, xo).

Proof

Because each u, is admissible, Ja(t,x) defined by (5.5) is
seen to be continuously differentiable wrt (t,x) € Go" Thus, Theorem
4, Chapter 3, allows us to express the relative regret of 60: wrt

+1
6 é u (t) as
o a




t.r

1 aJa BJa
R(to,xo; 6a/+1" 60:) = \S: L(t, x, 6a+1) + 5% ° f(t, %, 6a/+1) +——at dt

(0]

§t1- 83, 87
= L(t,x,6 ) + o f(t,x,6 ) +— |dt
A L (o] ox o ot

(o}

But this last integral is zero for the same reason as in the proof of

lemma 3, Section 5.1, In fact we have

8J 9J
—2 e f(t,x, 6 )t 2 <0, all (t,x) eG_

Lit,x,6 1) * 5% o1

If equality holds for the relative regret expressions above, then

3Ja 8Ja
I"(t’xoz+1’ 6a+1) * * f(t,xa+1, 6a+1) * ot 0

a.e. along (t,xa+1(t)) .

But it is also true that

aJa BJa
Bl xgap 8 gy Hb¥gup0 ) + ¢ = 0
everywhere along (t,xa+1, (t )) since this is an identity for every

(t,x)eGO.

This implies [see remark following proof for an expansion
: . .5 A
of this point] that 8,41 (t,xa(t)) =6, = ua(t) a.e. [to,tl]. In other
words x (t) = x (t), and hence
at+l a

aJa/ 3Ja
7 Sftx )+ - =0 ace. [t ¢

inf |L(t,x ,u) +
a

1.
uelU 1

If it can be established that aJalat and BJa/Bx are the co-state
variables along (t, xa(t)) , then this last equation implies that us=u

*
a.e. [t ,t. ] due our assumption of uniqueness of solution to
o' 1 -




56

Pontryagin's necessary conditions. Lemma A of Appendix B estab-

lishes the identification of the partials with co-state variables.

We have thus shown that if the relative regret of 6a/+1 wrt

. A .
6, 1s zero for (to,xo), then & = ua(t) is equal a.e. [t ,t,] to the

optimal control function for (to, x ). A contrapositive argument
. A . .
establishes that ua+1(t) = 6a+1 (t,x6+1(t)) is better for (to,xo) if

u, is not optimal. Thus, our sequence < u, > is monotonically
better for (to,xo), and if for some finite o this is not so, then the

sequence has converged a.e, [to,tl] to U,

(End of Proof)

Remark

The crucial step in the above proof was the equating of 6a/+1
t . €. s
o 601 a.e. along (t X

(t)) because 6a and 601 both satisfy

a+l +1

8Ja aJa
‘f(t,Xa 5) + —gt— =0

L(t,Xa+1,6) * +1°

almost everywhere along (t,xa+1(t)). It is claimed that if this is not
so then the control problem has been ill-posed. Consider the control

law 67\ defined by

= - <)<
6x(t,x) kéa+1(t,x)+(1 A)éa(t,x), 0=x=1

This will be an admissible control law with the property

8Ja aJa BJa
— Y < <
L(t, x, 6a+1) + 5% ° f(t, x, 601+1) + 5t L(t, x, éh) + 5
8Ja
-— =<
o f(t,x, 6)\) + 5t 0

for all (t,x) € Go' Thus, along (t,xa+1(t))

oJ oJ

a a _
L(t, x ) + 5% f(t’xa/+167t) + e 0

a+1’67t




almost everywhere. If 6a+1 and éa were different along the tra-
jectory over a nonzero measure of time, then a nondenumerable set

of phases (t, xaﬂ(t)) would exist for which 60/ 2 k(t, x, aJa/ax)

+1

cannot be uniquely defined. This is because &, would be equally as

effective in the minimization process involved 1>:1 deriving the function
k. Moreover this would be true for all A €[0,1]. A situation such

as this will arise if L(t,x,u) and/or f(t,x,u) are ill-defined or if
one or more components of the control vector have no influence on
the process behavior, We, of course, assume that the problem has
been posed properly so that k is well defined, except possibly on a

set of phases which is at most denumerable,
(End of Remark)

A very important by-product of Theorem 9 is the fact that
the procedure of this section allows feedback control synthesis of
any optimal control function. It is not always true that the feedback
configuration will be simpler to implement than merely storing u*(t)
in a suitable memory unit., However this may be the case in certain
problems. The following corollary would be of value in such

problems.

Corollary 3 [Synthesis of Optimal Controls]

Let u*(t) be optimal for (to,xo), then
oJ
5(t,X) = k(t,X, 'a—x)
where ¢
A 1
J(t,xsu,) = g L('r,x(T),u*('r)) dr
t

is a feedback realization which is optimal for (to, xo).
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5.3 TERMINATION CRITERIA

The final theorem of this dissertation is concerned with a
criterion which may be used to terminate the sequences. This

criterion guarantees e-optimality,

Theorem 10

Let g(t, x) be a non-negative function from GO into TR such

that
tl

\S; g(t,x(t)> dt =€

o
for all feasible trajectories. Then the sequences < 601 > of

Theorems 8 and 9 consist of €-optimal laws for all « 2 N if

oJ BJN
-g(t,x) = inf | L(t,x,u) + e f(t,x,u) +—
0x ot
ueU
for all (t,x) € Go.
Proof
Since for all (t, x) e GO
aJ BJN
inf [L(t, x,u) + o f(t,x,u) + = L(t,x,6,)
ox ot
ueU
0J 9J
N N
+—a; f(t’x,6*)+_§t—
then 53 aJN
-g(t,x) S Lt,x, 6,) + o f(t,x,6,) + e

Therefore, along the optimal trajectory <t, X\,((t))

t]. tl aJN 3JN
- g g(t: X>,<)dt = \S‘ [L(t.v X*: 6>.<) + i f(t: X>|<, 6>.<) + _gt_ dt
tO tO

Ix




The integral on the left is greater than (-¢) by hypothesis. The

integral on the right is the regret for 6, with respect to 6 or,

N

alternatively, the negative of 6__'s regret function RﬁN(to’xo)" Thus,

N

<
RéN(to’xo) = e forall (’co,xo)eGo

By the monotonicity of < 601 >, all successors to 6N are also

€-optimal.
(End of Proof)
The simplest choice of g for uniform e-optimality is

€

tl_to

g(t,x) =

However, if the designer has some rough idea of how the optimal
trajectories will behave, then other non-trivial choices for g may

be appropriate for reducing the number of iterations.

If L(t, x,u) is non-negative for all (t, x)e G0 and ueU, and

it is desired that

6.. 0 O

<
Ry (%)% € ¥ 1,0t %) (5.8)

where €, and ep are small positive constants, then g can be

selected as
6o
Pa— + e inf L(t,x,u) (5.9)

1 o pueU

glt,x) =

This follows directly from the fact that
t

t
1 1
5 inf L(t, x*(t),u)dt sg L[t, x, (1), 6*<t,x*(t)>] dt
to ueU to
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE STUDIES

6.0 CONCLUSIONS

The major contribution of this dissertation is the introduction
of the regret function and its integral representation based on

Weierstrass ideas. 26,21

The most direct application of this repre-
sentation is the rational approximation of known optimal control
policies., This was illustrated in Chapter 4 for linear, time-varying

optimal controls (Theorem 7),

In Chapter 5 we utilized the ideas of Chapter 3 to solve the
problem of suboptimal designs when optimal solutions to fixed time,
free right end problems were not known a priori, as in the case of
Chapter 4., Two methods of successive approximations were given,
corresponding to the control function and control law approaches of
Pontryagin and Bellman, respectively. Theorem 8 represents an
extension of the work of L.eake and Liu for continuously differentiable
control laws. The extension to piecewise continuously differentiable
laws is considered significant, since problems with bounded control
sets are likely to result in laws of class P[GO]. The iterative method
for control functions (Section 5. 2) is new insofar as this investigator
knows. The feedback synthesis given in Corollary 3 is apparently

also new,

Finally, the termination criterion given in Theorem 10 is felt
to be an important contribution to the design of e€-optimal controls,
We may summarize this in terms of the following corollary to

Theorem 10,
Corollary 4 [Fixed time, free right end problem]

Let ge(t, x) be a non-negative function defined on Go such that
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1:1
S‘ g (t,x)dt =¢
€
t
o
for all feasible trajectories <t, x(t)) in GO. A feasible control law

6 € P[Go], with performance function J(t, x), is e-optimal if

inf LGt xw + 2 (k%) ftxu) + 22 4,0 |2 - g (¢, %)
uelU 0x ot €

(End of Statement)

This condition does not involve knowledge of the optimal
solution (6, J*), although it is based very much on properties which
the optimal solution must have. Corollary 4, based on Theorem 10,
is the e-optimal extension of Corollary 2, based on Theorem 4. In
the case of Corollary 2, the condition given is sufficient for optimality
if an optimal solution exists and is a unique solution to the condition
given there. In the case of Corollary 4, a sufficient condition for

e-optimality is given under the same assumptions of existence and

uniqueness of solution to the necessary conditions for optimality.

The above corollary is useful in design problems in the
following sense. At the onset of a control problem the designer will
usually have a control scheme in mind, which he knows will work,
and which, if not optimal, will be close to being so. If physical
reasoning leads to the conclusion that an optimal solution exists and
is the unique extremum, then Corollary 4 allows him to verify the
merits of his control scheme. The methods of Chapter 5 may be
employed to iterate on his initial choice, if its performance is felt to

be in need of improvement.
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6.1 RECOMMENDATIONS FOR FUTURE STUDIES

In Chapter 3 we sought an integral representation for regret
in terms of partials of the optimal performance function J*(t,x). In
order to proceed from the class of continuously differentiable control
laws, a class P[GO] of control laws was hypothesized and the optimal
law was assumed to be in such a class. Is the representation valid
for a more general class? The problem here is twofold. First, the
regret can be given an integral representation only if J*(t,x) is
absolutely continuous for all trajectories (t, x(t)) produced by the
feasible control in question. Second, even if the regret is expressible
as an integral over [to,tl], does the integrand have the form

8J, 83,

L (¢, x(t), u6(t)) + —é{”— < £t x(1), ué(t)> TARSL

It would appear that a form such as this would be desirable,
since it relates directly to the Hamiltonian conditions of Bellman and
Pontryagin. We have succeeded in showing that, under certain con-
ditions, the form above holds in terms of the co-state variables even
if BJ*/BX and aJ*/at were undefined over a positive measure of
time along a trajectory. The conditions were that 6,.€ P[GO] and that
6 cause the state to move optimally if it moves at all, for a positive
measure of time, through states for which the partials are undefined.
Is this latter condition necessary? In other words, will it hold in
terms of co-state variables regardless of how the state moves along
boundaries of the regions GkC GO? (In studying the pertinent ex-
amples of Reference 2 this investigator found that in many cases a
feasible trajectory could not move along a boundary unless the

boundary were a manifold of optimal trajectories.)

A question which has not been settled by this dissertation,

but whose answer has been long suspected by researchers is the



following. Are the co-state variables P(to, xo) and Po(to, xo) limits

of BJ*/Bt as (t,x)—~ (to,xo) in some appropriate way?

Extension of the Research to Statistical Systems

We have not touched on the matter of control schemes for
statistical processes or processes which are not perfectly observable.
That is, what are sufficient conditions for e-optimality of a control
law using an estimate of the true phase (t, x) which is corrupted by
observation noise? In addition, how would the solution be affected if
the formulation also included random control execution errors which

depend on the control decisions?

For the case of linear systems with normally distributed
observation and control errors, optimal solutions are known. These
turn out to be rather complex if the error processes have non-trivial
covariance matrices. The approximation criterion of Theorem 7 may

be useful if it is appropriately extended to the statistical case.
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APPENDIX A
EXISTENCE AND CONTINUITY OF PERFORMANCE PARTIALS

We wish to give an explicit demonstration of Assertion 2 of
Chapter 3. These results will then be used in Appendix B to prove

Lemma 2 of the same chapter.

Let the control law é¢ P[GO] have the solution x(t;to,xo)
over [t ,t.(t ,x )] where (t ,x ) is an interior point of one of é&'s
o’'1'0’ o o’ o
regions {Gl, G , GK} of continuous differentiability. Let us
K which (t,x(t;to,xo)> passes

through by <Gy > , where i=1,2,...,I (finite).
i

, 2°°
denote the sequence of regions G

By definition, é's performance for (to,xo) is given by
t (%)
Jit ,x :6) =S‘ L[t,x(t;t LX), é(t,x(t;t ,X )]dt
o’ o o’"o o’ o

t
o

For a ne;ghbol ing phase (t » Xy ) A (t + A »x 7t A), where
(ko,l)e']RxTR such that |7L l and ” )\” are less than a small
number £, the solution (t, x(t,tk,xn)) will pass successively through
the same sequence < Gki > of regions (this due essentially to con-

dition (iv) of the definition for P[Go]).

To shorten the length of the expressions to follow we intro-

duce the following notation:

x(t; 90) = X(t;to,xo) ; X(t;GA) = X(t;tl,x )

A
6, () = (tx(t:0.)) 5 6,1 = (1, x(t:6,))
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Thus, for the solution Ol(t) we have
t,(6)
36,3 6) = 5; L [G)L(t), 6<6k(t)>] dt
p
For control laws of class P[GO] the solutions x(t; 60) are continuously
differentiable with respect to GoeGgl, where Gﬁl denotes the interior

of Gk . Thus, we have

Gx(t) = Go(t) + ————aeo N

96 (t) )
ol O +0(8) (A.1)

throughout [to, t1(90) ], and

96 (t)
b (5y0) = s,0) + 35 (o, 00)+ 5
>L0
.[k ] + o(€) (A.2)

whenever Gk(t) and GO(t) are contained in a single region Gk . When-

i
ever 9._(t) and 6 (t) are in two different regions G and G R
A0 o't & k ki1
then one solution or the other must have reached the boundary first
1 -
at a boundary phase Go(tB) or Gx(tB). Let us assume that the un

perturbed solution does so first. In this case for, t e[tB,tB+ €]

de (t)
{ _ 06 o
8(05) = o, (0, t)+ 36, (6,t)e Tat, (t-tg) +olt)
and (A.3)
de (t)
96 o
s(6,0) = 5_(0 (1)) + 36 (6 () * —gr (ttg) + o(e)
where subscripts () indicate right or left limits as we approach
6 (t ) from region Gk or Gk respectively. In the case where

0 (t) meets the boundary flrst the same expressions will apply
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. . : ! t
except for interchanging (Go(t), Go(tB), tB) with (6>t (t), 6 (tB), tB)

wherever they appear,

The demonstration can now begin with these preliminaries
away. Let
6
t,(6,)

A J = J(ek;a) - J(eo;a) =

N L {Gk(t),é(eh(t))]dt

ﬁl/ﬁ

t.(6 )

Scl °L {eo(t), a(eo(t))]dt

t,(0,) 1
S‘t Lek(t), a(ex(t))‘ - L [Go(t), 6(60(1;)>H dt
tl(eh) ’ )
1
+ St‘ (9 ) {Oo(t), 6(60(t))‘ dt - S; L[BO(t), a(eo(t))] dt

(o]

in which L[O (t), (9 (t))] is extended as is necessary for these
integrals by holding it constant at L [9 (t ), & (6 (t ))] or
L 90, 6(00)] outside of [to,tl(Oo)].

We treat each integral separately for convenience.

Integral 1

-
"

A
gt L [Go(t), a(eo(t))]dt - 1 L(90,6(90)> +o(£),
since t)L = t0+ )Lo, where ko = 0(¢),
Integral 2
tl(ek)

(6] Oo\\
S't o )L [eo(t), 6<60(t))] dt = L(el, 5(61)) [tl(ek) -tl(eo)]+o(£)
1 0o



where 6(; -é- (tcl), x(;) €S for our unperturbed solution. Of course,
if we are dealing with a fixed time problem, this integral is zero. In
the general case
atl ko
tl(ek) - tl(eo) TR (60) ¢ [k ] + o(€)
since the solutions are continuously differentiable wrt initial phases

and the boundary 9S of the target S is continuously differentiable

wrt terminal phases [see Chapter 1]. Thus,

t, ()
I =§1 ’ o CRERC @)t = 1650 06)) 10y | el ote
2 L 6 ) o " Vo 1’ 17 86 ‘o py
1 o
Integral 3
£
1, - 3; IL[ek(t), a(el(t )] - Lleo(t), a(eo(t))”dt
)
RN
, S; L{g ®, 6(6h(t))] - L[Bo(t), 6(6A(t)>” dt
A
t(6)
¥ Sc Lo, . 6(6k(t))] - L[Go(t), 5(90(t))” dt
)
This easily becomes
tl(ex)aL 80_(t) [,
1, =S; == [Go(t), 6<60(t)>] —— | ] dt + o(£)
A (o]
£(8,)
+St‘ L[GO(t), 6(6k(t)>] - Lleo(t), a(eo(t))] at

A
since L(6,u) is continuously differentiable wrt (6,u). The second

integral on the right, call it 132, may be treated as follows:
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96 () [ A
aL. a6 ) o
= § o ACRIC “’)] 5 (o) 50_ [x ] o
[ty.t,(6,)] -

N 6_(v), 6<8k(t))] - L[eom, a(eo(t))]

where we is the union of all time intervals over which 6>\(t) and

+

dt + o(§)

2] (t) are in two different regions G, and Gk . Let We be any
i i

one of these time intervals. In fact, 1et us assume 6 (t) crosses the

boundary first at a boundary phase 60(tB) and Gh(t) reaches it later

1 v - .
at GA(tB) where tB tB + _&i. Then for this case

t_+ &, t_+E,

B i B i "
St L [Go(t), 5(8, (t))] dt = g L[@o(t), 6_(60(tB))] dt

B B
t_+¢&
B i
oL
+ S = [0, (6 (t ))] 35 (o ct ))
t
B
de_
g (t-tg) dt +o(£,)
and
tB+ Ei tB+£i
S L\So(t), a(eo(t))] dt g L{eom, a+(eo(tB>)]dt
ty to
tot €
oL
+ gt = lo ), (e(t ))] (e t ))
B
de (t)
% (t-tB) dt + o(Ei)

+

Thus, we have for an interval we s

1
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tB+E.
S; !lL [eo(t), ) (6A(t))] - Lleo(t), 6 (eo(t)>] dt
B
tB+ Ei
= S; Lleo(t), 6_(60(tB))] - L [Go(t), 6+(60(tB)>]dt + °(£i)
B

Since Go(t) is continuous and L differentiable wrt 9,

t+ €,

B 1| ’
3: lL leo(t), a(ex(t))] - L [Go(t), 5 (eo(t))” at =&iAL<90(tB)) +of€,)
B

&1 -z |
where AL(9_(t3)) & Lio_tp). 6_(0_tp)| - Llo_ttp). 8, (6 (tp)
From this example one sees that the integral over we will have the

form
g L[eo(t),a(e>t (t)ﬂ - L[eo(t), 5 <90(t))] dt = IZ AL(GO(tBi)) £
W - i=1

However, as in the case of Integral 12

atBi g
—+1 _ - .
& "ty g 50 x | To&)

i i

since our boundaries are assumed continuously differentiable. Thus,

I =S‘ oL 96 _ai’_(.t_) )\0 dt
32 ou 06 390 A

[tx’t1(9x)] - W

I at13i X
+Z AL(Go(tB.)) =5 | + o(§)
i=1 1
Conclusion

Collecting all integrals I, I_, I I_, and letting € = O,

1’ 72° 731’ 32
we have to first order
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2 oo, 0))+ 2 o0

(t)
)5 [
(o]

I atBi X ] o on Bt A
+121 AL <90(tBi)) 30 | }+L<91’6(91)>a_e {A

- 7LOL<90, 5(90))

This shows that J( 60; 6) is differentiable for 906 Gz , and moreover
1

that it is continuously so.

The partials of J(GO; 8) are given below.

gf—(eo,a) - S‘ 1 Z_}L;_[e(t),a(e(t))} +gi [e(t) 5<@(t)>] (6(t)) ax(t)
o t
(o]
I Bt ot
+i};1 AL <6(tBi)> —m:i +L(0,,500)) -a—ti—
- L(Go, 6(90)) (A. 4)
220+ (2 ] 2 o s 2 o 20
o t
O
ot
i“ Lot ) afi +L(01,6(91))8;—tl (A.5)
i=1 i o o

In these last equations we have dropped all superfluous subscripts

since we are concerned with the single trajectory:

o(t) = (t,x(t;to,xo))



APPENDIX B
IDENTIFICATION OF CO-STATE VARIABLES
WITH PERFORMANCE PARTIALS

Theorem A

Let the optimal performance function J*(to,xo) correspond
to a control law 6, € P[Go]. Then 8J, /ato and BJ*/axo satisfy
the co-state equations and boundary condition [L(t ,X ,6.(t ,x ))

o o * o0 o
+ 03, /0% (b ,x ) e B[t ,x 8.0t %)) + 0T, [0t (t,x ) - o] of
Pontryagin's method (Theorem 2, Chapter 2) if:

. o
(i) (to,xo) € Gk , and
aJ* aJ*
(ii) 5t (t,x(t)) and —— (t,x(t)) are absolutely

continuous over some interval containing to.

Proof

Condition (i) allows us to conclude that the performance
function partials BJ*/at , SJ*/BX exist and are continuous in a
neighborhood about (to,xo). Condition (ii) enables us to differentiate

with respect to time almost everywhere in this neighborhood.

From Equation (A.5) of Appendix A we have for (t, x(t)) in
this neighborhood,

t

aJ 1 96 (1)
* oL oL %
_ax" (t) X(t)) = S; ‘:—a'x" (T, X(T), 6*(7)) + ?a—u— (’7" X(T), 6*(T)) . _8_;_}
ot
I B at
. ox(t) i 1
ax(® o7 7 ZJIAL“B{ *B,) oxm ' L (%0 84lt) Bt

[Note: For simplicity we have denoted 6*(7, x("r)) by 6*(7).]
Differentiating with respect to t (denoting this by a dot), we have
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8J .
—£(t,x(t)) = - [—g% (t, x(t), 8 1))+ -S—ff (t,x(t), 8,(0) -

95 *(t)]
ox

1
+§t [gi— (r.x(n), 8,(1)) + o= (r, x(r), 8,(7)

at ax(:c )

a6, (1) * I B. B,

%* ox(T) > 1 1

5% ] (Bx(t) ar + izzlAL(tBi’XBi) Bx(ty )\ ox()
i

at, Bx.(tl)
+ L(tl, Xl; 6*(1:1)) Bx(tl) aX(t)

But since 0x(§)/0x(t) is a state-transformation matrix, we have:

(8x.('§))_ _ ox(§), og

ox(t) /  ax(t) Eg(t’x(t)) (B.1)

corresponding to the process equations

dx A
T -t S £(t, x, (£, %)) (B.2)

Therefore using relation (B. 1) we have

aj; (t.x(t)) = - %— (t, x(0) % (t,x(t))-[%i—(t,x(t),é*(t))
+ o [t x(1), 8,() azz(t)]
But from relation (B. 2)
g—f (t,x) = —gix (t, %, 6,0(t, ) + %% (t. x, 8,(t, %)) » a;: (t, %)

Substituting this we obtain,




8J 8J
s (tx0) = - =2 (1 x) © 2L (1,00, 8, 0) - 2 fr, x(1), 6, (0)
oJ 06 (t)
[35 (t, x(t) g.f& (t, (1), 5,(1)) + _g.}l: (t, x(2), 6*“))]—3;“

Our next step is the crucial one. The expression in square

brackets is equal to

(B. 3)

5 BJ* BJ*
m L(t,x,u) + e (t,x) o f(t,x,u) + TN (t, x)

evaluated at (t, x(t), & (t, x(t))) . This quantity multiplied by the matrix
86*(t, x)/9x (t, x(t)\) is indicative of the variation that one might
obtain in {L + BJ*/ax o f + aJ*/St ] by using values of u equal to
6*(1;, y), where y is a state vector drawn from a small neighborhood

N(x(t)) about x(t). Two things are possible:
(i) b, (t,x(t)) is on a boundary of the (closed) control
set U, or
(ii) 6 *(t,x(t)) is an interior point of U.
If (ii) occurs then expression (B. 3) must be a null vector (at least for

almost every t in a neighborhood of to), since 6*(t,x, (t)) is optimal

and minimizes L +9J,/dx f +8J /8t [see Corollary 2, Chapter 3].

If (i) occurs and the closure 6, t,N(x(t))) of the image of
N(x(t)) has 6*(t,x(t)) as an interior point, then the product of ex-
pression (B. 3) with 86*/8x must be null for the same reason as
above. The remaining possiblity is that 6 *(t,x(t)) is a boundary point
of U and an extreme point of 6, t,N(x(t)) . In this case, since §,
is continuously differentiable, we must have 86*/8x as a null matrix

at (t, x(t)) .
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Thus, we obtain

9J

A (t. x(t)) = - a_x* (t. x(t)

oL
ox (

* on [t x(t), 5,(1) - o (£ x(1), 5,(1) (B.4)

)
9x
almost everywhere in a neighborhood of to.

Let us now treat aJ*IBt . From Equation (A. 4) of Appendix
A,

8t ot
ot

Bi ot

ot

1

A t 96 (T)
(t) S; [ 'r x(7), 6 ('r)) oL (’T x(1), 6 ( )) i ox(r) dr
1
Z’ %y ‘5*(t1)) Bt

+ Lt

AL{ty . xg ) ¥
1

- L [t,x(t), 5, (t,x(0)] .

We note that the only difference from what we had for BJ*/ax (t, x(t)\)
is that we have an additional term (-L), and that we shall be concerned

with partials

ox(§) . 0x(&)
5t instead of 5x(t)
Using the following relation,
a’;(f) = - gzzf)) g(t, x(t) (B.5)

and recalling (B. 2), (B.4), as well as previous devices, we may

derive
8J 8,
Bt (bx0) = - 57 (6x(0) » G fxto), 5,00) - G (bxw), 5,00)

(B. 6)
almost everywhere in a neighborhood of t . Thus, 9J,/0t and

SJ*/ax satisfy the co-state equations of Theorem 2, Chapter 2.
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The remaining step is to show that they satisfy the boundary

condition
oJ oJ
% *
L(to’xo’6>°<(to)) * ox * f(to’xo’6>f<(to)) * Bt =0

This follows from Corollary 2, Chapter 3, which states that this must
hold a.e. along an optimal trajectory (where the partials exist and
are continuous). In particular, since all quantities involved in the
boundary condition above are defined and continuous everywhere in a
neighborhood of to, the condition actually holds everywhere in the

neighborhood.
(End of Proof)
Remark

The allusion to Corollary 2 in this proof deserves some
expansion, Corollary 2 is based on the assumption that J*(t, x) is
continuously differentiable in a region GO containing S or having
boundary points in common with the boundary of S. In the present
situation we are dealing with a region le which in general is remote
from S. We are alluding to the fact that 6, must also be optimal for
the problem in which the boundary ale is considered as a target,

since each subarc of an optimal trajectory is optimal for its endpoints,

Thus, for this sub-~problem

‘g

608 I (%) - 0L, xg) - 5; L{t, x(t), 8,(t)dt

o

where (tB, B

by 6, attime t}; = tBl— € (e, small and positive). Since 6, is

optimal, J, according to Corollary 2 must satisfy

), corresponding to an initial (t, x) is the phase produced
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83. 8J.
Lt x(), 8,0) + — (t,x(0) (e, %), 8,0) + = (£, x(1) =

a.e, ['co,t]-3 ]. This can be expressed in terms of J, as
8J* SJ* oJ ( B’ xB) a(tB,xB) 1
Lot 35 Lt 30| - *le |70
*
a(tB, XB) a(t, x)

However, the last term is zero because

at
a(tx) [] @ (tgrxp) = O

We do not change (t];, X]_B) by moving along the trajectory.

Application of Theorem A

Lemma 2, Chapter 3, can now be proved. The partials
satisfy the (linear) co-state equations and the same inhomogeneous
boundary condition as the co-state variables, whenever conditions (i)
and (ii) of Theorem A hold. Thus, they must be equal to the co-state

variables under these conditions.

Some Useful Relations

Certain relations are given below which the reader may find
useful. These relations are straightforward, but perhaps not
popularly recognized. Lemma A below is used in the proof of

Theorem 9, Chapter 5.
Theorem B

Let u(t) be an admissible control over [to,tl] which produces

the solution x(t). Consider the integral
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t

1
Ju(t,x) A J(t, x;u) = St‘ L('T,X(’T), u(’r)) dr
for te[to,tl]. The following relation holds a.e. [to,tl],
oJ 8J
L (t, x(0), u(t) + == (£, x(®)) * £t, x(t), u(t) + - (t, x() = 0
Proof
oJ 1:1
u _ oL . 9x(1)
—= (t,x(t)) Sc = (T,x(T),u(T)) re iy (B.7)
and
8J Y
u a.e 9x(t)

S (6 x(0) = - Lt x(), uct) +§t 22 (v, xtr),um)e S ar

But for almost all t e[to,tl]
ox(r) _ ox(t) , ./
T LX)

Substituting this relation into the expression for 8Ju/8t and using the

identity for aJu/BX, the theorem is proved.
(End of Proof)
Lemma A

Let u(*) be an admissible control over [to,tl] for a fixed
time, free right end problem. Let its performance function

Ju (t, x(t)) have the property that

83 23
2 f(t,x(t),u)+-ﬁ— -0 (B. 8)

inf [L (t, xt), u)+
ueU




along the trajectory (t, x(t)> produced by u(*). Then the partials

aJu aJu
B (t, x(t)) e (t, x(t)) are equal to the co-state variable (P(t),

Po(t)) corresponding to x(t) and u(t).

Proof

We first prove that BJu/ax (t, x(t)) = P(t) even without (B. 8).
Differentiating with respect to t in (B.7) (denoting this by a dot), we
have

aJ * t

1 e
T )= 3% ) - (B ar - 2o )

almost everywhere in [to,t Using the relation

1]'

(a_;g(_i)__ ox(r) , of

ax(t) / ~ ox(h) | ox <t’X(t)'u(t))

and (B.7), it is readily seen that 8Ju/8x is a solution to the co-state
equations for P. Finally, P(tl) = 0 for the free right end problem,
and BJu/Bx is seen to satisfy this boundary condition also. Thus,

BJu/ax must be equal to P(t) over [t,»ty]

The proof that aJu/at is equal to Po(t) will require an
allusion to a proof in Pontryagin's work., 2 First of all, by hypothesis
and the first part of our proof, we have

aJu

(6 %) = sup [-L(t,xm,u) - P(t) f(t,xm,u)] (B.9)

ueU
The right member has been shown by Pontryagin et al., to be ab-
solutely continuous on [to,tl] (see pp. 101-103, Chapter II of Refer-
ence 2). Thus, aJu/at is differentiable with respect to t almost

everywhere in [to, tl]°
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From Theorem B we have, a.e. [to,tl],

aJ
ot

Let Te[t ,t,] be a regular point of u(*) at which aJu/at is differ-
entiable with respect to t. Then (B. 10) holds for 7. Let t be any
point in a small neighborhood [7-¢7+€] of 7. By virtue of (B.9) and

(B.10) we have

oJ
1

e (b x(0)2 - Lt x(0), un) - PO, x(0), wir)

For sufficiently small € we have

L (¢, x(0), u(r) = L{r, xtr), u(r)) + o2 (r, x(r), u(m) * (t-7)

N %}I{J_(T,X(T),u(ﬂ) » (x(t) - x(7)) + oe),

£t %), u(r)) = £(r, x(r), u(m) +or (r,xtr), u(r) * (t-7)

+ 9L (r,x(r),uln)) * (x() - x(r)) + oe),

and

P(t) = P(1) - [P('r) %(T,X(T),MT)) - %—(T,X(T),u(v))] (x(t) - x(’r))

+ o(e)

Substituting these into the above inequality we have

aJ oJ
U

5t <t, x(t)) - —gfg ('T, x('r)) Z (t-1) [- P(T) g—,f—('r, x{(r), u('r)>

- Z—f(-r,xm,u(ﬂ)] +o(e)

) (t,x(t)) = - L(t,x(t),u(t)) - P(t)f(t,x(t),u(t)) (B.10)

82



For (t-t)> 0 we have

oJ aJ

) - g
+ t-7

t—-1T

v

-P(7) %ﬁ— (7, x(1), u(T))

oL

- —g(T,x(’r),u('r))

For (t-T) <0 we have

—E;c—q (t, x(t)) - E:_:c_u (’r, x('r))
lim o

t—=T7

A

-P(T) g—i ('r, x(T), U(T))

oL

- —a-t-<1' , x(7), u('r))

Since BJu/at is differentiable at 7, the right and left limits

exist and are equal to (8..]u/8t) att =7, Thus,

oJ

d u _ of oL,

= [—ﬁ— (T,xm)]- - P(r) 5 (r x(r), u(m) - 27 (r, x(r), u(r)
‘ L ]

at all regular points T s[to,tl] for which (BJu/Bt) exists, This is

the same equation which PO('r) must satisfy a.e, [to,tl]. We also

note that at the terminal time tl,

L(tl,x(tl), u(tl)) + %;l‘- (tl,x(tl)) -0

which is precisely the condition which Po(tl) must satisfy for the

free right end problem. Thus, 8Ju/at must be equal to Po(t) on
[t .t

(End of Proof)
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